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Abstract 
This study investigates the fundamental fluid dynamics of steady-state laminar flow past 
a circular cylinder using the Lattice Boltzmann Method (LBM) with a D2Q9 lattice 
arrangement. Developed using a vectorized Pythonic approach, the numerical solver 
employs the Bhatnagar-Gross-Krook (BGK) collision operator to resolve the mesoscopic 
particle distribution functions. The research focuses on the flow characteristics at low 
Reynolds numbers (Re) ranging from 20 to 70 to ensure stable convergence toward 
steady-state conditions. Results demonstrate that the LBM effectively captures critical 
hydrodynamic phenomena, including stagnation points, flow acceleration due to 
blockage effects, and the development of symmetric wake regions. Analysis reveals a 
linear correlation between increasing Reynolds numbers and the longitudinal elongation 
of the recirculation zone, confirming the solver's ability to maintain numerical stability 
and momentum conservation without the computational expense of conventional 
pressure-velocity coupling. These findings validate the use of open-source 
computational tools for rigorous fluid flow analysis and provide a robust dataset for future 
integration with multi-scale modeling and machine learning frameworks, such as 
Physics-Informed Neural Networks (PINNs). 

1. Introduction 
The development of Computational Fluid Dynamics (CFD) in the last two decades has undergone a 

paradigm shift from macroscopic solutions toward mesoscopic approaches (Mansouri et al., 2024). 
Conventional methods based on the Navier-Stokes equations often face efficiency hurdles, particularly in 
solving the Poisson equation for pressure, which requires high computational costs in incompressible 
systems. As a promising alternative, the Lattice Boltzmann Method (LBM) has emerged, offering flexibility 
through simplified gas kinetic theory (Ataei & Salehipour, 2024). LBM stands out for its capability to handle 
complex boundary conditions locally and its algorithmic efficiency, which is highly adaptive to modern 
parallel computing architectures(Mansouri et al., 2024). The study of laminar flow over a stationary 
cylinder obstacle remains a gold standard benchmark in fundamental hydrodynamics. Although appearing 
simple, flow dynamics at low Reynolds numbers (Re) represent a crucial physical representation for 
understanding flow separation mechanisms and the formation of recirculation zones (Ataei & Salehipour, 
2024). In an engineering context, a deep understanding of steady-state flow structures around such 
obstacles is a vital prerequisite in the design of heat exchanger systems (Ha et al., 2026), the optimization 
of offshore structures, and the development of microfluidic devices. Precision in capturing hydrodynamic 
phenomena at this scale significantly determines the validity of analysis at broader system levels (Fox et 
al., 2024). 

Besides methodological advantages, the choice of computational tools plays a strategic role in 
research transparency (da Silva, 2026). Utilizing the Python programming language in LBM 
implementations offers advantages over commercial software that is often "black-box" in nature (Banh et 
al., 2025). Through a Pythonic approach leveraging vectorization techniques, researchers can precisely 
control every numerical aspect (Pasa et al., 2026), from collision schemes to the handling of non-periodic 
boundary conditions (Ataei & Salehipour, 2024). Furthermore, Python integration facilitates a bridge 
between classical numerical simulations and the development of new methodologies like Physics-Informed 
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Neural Networks (PINNs) (Zhai et al., 2026), which are currently a major trend in multiscale computational 
research (Ghafori, 2026). 

This research aims to perform a numerical investigation of steady laminar flow characteristics over a 
single cylinder by applying a Python-based D2Q9 LBM algorithm (Ataei & Salehipour, 2024). The primary 
focus is directed toward evaluating flow stability and convergence in the low Re regime, as well as how 
bounce-back schemes on a fixed lattice are able to accurately represent velocity profiles (Oubnaki et al., 
2026). Through the development of this custom solver, it is expected that this study will not only contribute 
to the fundamental understanding of vorticity dynamics but also demonstrate the effectiveness of open-
source tools in producing high-quality, reproducible simulation data for further academic research needs 
(Santana et al., 2026). 

2. Method 
This research implements the Lattice Boltzmann Method using the D2Q9 discrete velocity model, 

representing two dimensions with nine velocity directions, to simulate steady laminar flow over a 
cylindrical obstacle (Ataei & Salehipour, 2024). In contrast to conventional Navier-Stokes solvers that 
utilize macroscopic approximations of derivatives, the Lattice Boltzmann Method operates at the 
mesoscopic level by evolving particle distribution functions (Kummerländer et al., 2025). These 
distribution functions are updated through a fundamental mechanism of collision and streaming on a 
structured lattice grid(Wen et al., 2017). From these mesoscopic distributions, macroscopic state variables 
such as fluid density and velocity are directly computed through summation, providing a robust framework 
for benchmarking fundamental hydrodynamic phenomena. Utilizing Python for this implementation offers 
strategic advantages in terms of code readability and ease of use while providing the necessary high-level 
interfaces for conducting complex mathematical operations (Ataei & Salehipour, 2024). 

 

2.1. Model Kisi D2Q9 
The computational domain is discretized into a structured Cartesian grid where every lattice point is 

defined by nine discrete velocity vectors ei , which characterize the spatial and temporal dynamics of the 
fluid. 

𝑒𝑖 = {

(0,0)                                                       i = 0          
(1,0), (0,1), (−1,0), (0, −1)                 i = 1,2,3,4

(1,1), (−1,1), (−1, −1), (1, −1)             i = 5,6,7,8
 ........................................................................................ (1) 

These discrete velocities are categorized based on their orientation as 𝑒𝑖 = (0,0) 𝑓𝑜𝑟 𝑖 =
0 representing stationary particles, axial directions, 𝑒𝑖 = (1,0), (0,1), (−1,0), (0, −1) 𝑓𝑜𝑟 𝑖 = 1,2,3,4 and 
𝑒𝑖 = (1,1), (−1,1), (−1, −1), (1, −1) 𝑓𝑜𝑟 𝑖 = 5,6,7,8 for diagonal directions (Ataei & Salehipour, 2024). To 
guarantee the recovery of isotropy at the macroscopic level, each velocity direction is assigned a specific 
weight factor 𝑤𝑖 , which is essential for the derivation of macroscopic state variables (Kummerländer et al., 

2026). For this D2Q9 model, the weights are specifically defined as 𝑤0 = 4
9⁄  for the stationary component, 

𝑤1−4 = 1
9⁄ for the axial vectors, and 𝑤5−8 = 1

36⁄  for the diagonal vectors. This mathematical framework 

allows the discrete populations to accurately represent the underlying physical properties of the fluid, such 
as density and velocity, through simple summation operations (Ataei & Salehipour, 2024). 

Fig. 1. Numerical visualization of the vorticity field for laminar flow past a circular 
cylinder, demonstrating the anti-symmetric distribution of vortex structures generated 
through the D2Q9 Lattice Boltzmann Method. 
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2.2. Evolusi Boltzmann (LBGK) Equation 
The fundamental equations governing the evolution of the distribution functions 𝑓𝑖(𝑥, 𝑡)are 

numerically solved using the Bhatnagar-Gross-Krook (BGK) single-relaxation-time collision operator 
approach (Kummerländer et al., 2025). This operator characterizes the physical process where particle 
populations relax toward a local equilibrium state,𝑓𝑖

𝑒𝑞
 , over a specific timescale (Ataei & Salehipour, 2024). 

The overall Lattice Boltzmann Method (LBM) algorithm is systematically divided into two primary 
sequential steps which are the collision step and the streaming step (Kummerländer et al., 2025). 

During the collision phase, the distribution functions are modified based on their deviation from 
equilibrium, with the rate of relaxation determined by a parameter that is directly linked to the fluid's 
kinematic viscosity (Kummerländer et al., 2025). Subsequently, the streaming phase manages the spatial 
propagation of the fluid information by shifting the post-collision distribution functions to adjacent lattice 
nodes according to their respective discrete velocity vectors (Ataei & Salehipour, 2024). This fundamental 
"collide-and-stream" mechanism on a Cartesian grid allows the method to efficiently capture complex fluid 
dynamics at the mesoscopic level (Mansouri et al., 2024). 

2.2.1. Collision Step 
The particle distribution functions undergo a relaxation process toward a local equilibrium state, 𝑓𝑖

𝑒𝑞
 

, at a rate determined by the single relaxation time parameter, τ (Kummerländer et al., 2025). This 
numerical process is governed by the Bhatnagar-Gross-Krook (BGK) collision operator, which is expressed 
as: 

𝑓𝑖
∗(𝑥, 𝑡) = 𝑓𝑖(𝑥, 𝑡) −

∆𝑡

𝜏
[𝑓𝑖(𝑥, 𝑡) − 𝑓𝑖

𝑒𝑞(𝑥, 𝑡)] ................................................................................................................. (2) 

In this lattice-based framework, 𝑓𝑖(𝑥, 𝑡)  represents the state of the particle distribution immediately 
before the collision phase, while 𝑓𝑖

𝑒𝑞(𝑥, 𝑡) defines the ideal equilibrium condition the fluid system 

theoretically aims to achieve (Kummerländer et al., 2025). Following the particle interactions, the final 
distribution is expressed as 𝑓𝑖

∗(𝑥, 𝑡), reflecting the post-collision result (Ataei & Salehipour, 2024). This 
mechanism emphasizes that the fictitious fluid particles do not transform instantaneously into an 
equilibrium state; instead, they undergo a gradual "relaxation" or shift regulated by the parameter τ 
(Mansouri et al., 2024). Physically, this relaxation time represents the fluid's internal resistance or 
kinematic viscosity in response to flow field disturbances, and is directly related to the viscosity v through 
the relationship (Kummerländer et al., 2025): 

𝑣𝑙𝑏𝑚 = 𝑐𝑠
2(𝜏 − 0.5)∆𝑡 ............................................................................................................................................................. (3) 

The lattice speed of sound parameter (cs2 = 1/3) is a fundamental constant in the D2Q9 model 
representing the mesoscopic thermodynamic characteristics of the fluid (Kummerländer et al., 2026). This 
value is a logical consequence of the integration of the Maxwell-Boltzmann distribution function, ensuring 
the accurate recovery of the Navier-Stokes equations within the incompressible limit (Kummerländer et 
al., 2025). Functionally, cs2 acts as a bridge in the equation of state, enabling the macroscopic pressure to 
be calculated locally through a linear relationship with density (p = cs2ρ), which effectively eliminates the 
requirement for complex pressure solvers (Ataei & Salehipour, 2024). 

Furthermore, this constant serves as a critical parameter for controlling stability via the Mach number 
(Ma = u/cs), which is maintained at low values (Ma ≪ 1) to minimize compressibility errors (Ataei & 
Salehipour, 2024). It also functions as a multiplier in determining kinematic viscosity, where  v = cs2 (τ - 0.5) 
(Kummerländer et al., 2025). Consequently, the constant  cs2 = 1/3 rigorously integrates kinetic-level 
interactions with the macroscopic physical and mechanical properties of the fluid in a systematic manner 
(Ataei & Salehipour, 2024). 

2.2.2. Streaming Step 
The methodology chapter provides a systematic overview of the research design, including the 

identification of subjects, the configuration of simulation instruments, and the precise procedures for data 
acquisition and subsequent analysis (Santana et al., 2026). Following the collision phase in the Lattice 
Boltzmann algorithm, the streaming step facilitates the non-local propagation of particle distribution 
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functions through the computational domain (Kummerländer et al., 2025). This process is governed by the 
discrete evolution equation: 

𝑓𝑖(𝑥 + 𝑒𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖
∗(𝑥, 𝑡) ........................................................................................................................................... (4) 

In this numerical stage, the post-collision populations are shifted from their current lattice positions 
to adjacent nodes according to their respective discrete velocity vectors (Ataei & Salehipour, 2024). This 
fundamental mechanism ensures the temporal and spatial evolution of the fluid, where the streaming 
operation effectively mimics the free-flight of fictitious particles between grid points over a single time step 
(Kummerländer et al., 2025). By decoupling the local interactions from the spatial transport, the algorithm 
achieves high computational efficiency and remains highly adaptable for execution on modern massively 
parallel hardware architectures(Bahiraei et al., 2022). Furthermore, this step is essential for the application 
of boundary conditions, as certain schemes are imposed specifically after the streaming operation is 
completed to ensure the physical consistency of the simulated system (Ataei & Salehipour, 2024). 

2.3. Equilibrium Distribution Function 
To ensure the recovery of the incompressible Navier-Stokes equations, the equilibrium distribution 

function, 𝑓𝑖
𝑒𝑞

, is mathematically defined through a quadratic expansion of the Maxwell-Boltzmann 

distribution (Ataei & Salehipour, 2024). In this mesoscopic framework, 𝑓𝑖
𝑒𝑞

 characterizes the ideal state 

toward which particle populations relax during the collision process (Kummerländer et al., 2025). The 
specific formulation for this model is given by:  

𝑓𝑖
𝑒𝑞

= 𝑤𝑖𝜌 [1 +
3(𝑒𝑖∙𝒖)

𝑐2 +
9(𝑒𝑖∙𝒖)2

2𝑐4 −
3𝒖𝟐

2𝑐2] ............................................................................................................................. (5) 

Here, the macroscopic state variables, specifically fluid density (ρ) and velocity (u), are formally 
derived from the moments of the discrete distribution functions (Ataei & Salehipour, 2024). This allows 
the local particle populations to represent physical fluid properties through simple summation operations: 

𝜌 = ∑ 𝑓𝑖
8
𝑖=0 , 𝜌𝒖 = ∑ 𝑓𝑖

8
𝑖=0 𝑒𝑖  ............................................................................................................................................... (6) 

This derivation ensures that the algorithm remains consistent with the fundamental laws of mass and 
momentum conservation, effectively bridging the gap between kinetic theory and macroscopic fluid 
mechanics (Ataei & Salehipour, 2024). Through these moments, state variables such as pressure can also 
be locally computed, eliminating the need for iterative pressure-linked solvers (Ataei & Salehipour, 2024). 

2.4. Boundary Conditions and Numerical Implementation 
Boundary conditions are a crucial aspect in ensuring the overall accuracy and physical validity of the 

simulation (Ataei & Salehipour, 2024). On the cylinder surface, a no-slip bounce-back scheme is applied (Q. 
W. Wang et al., 2010), where the particle distribution functions that strike the wall are returned toward 
their nodes of origin (Kummerländer et al., 2026). For the inlet condition, a uniform velocity profile is 
implemented by enforcing the equilibrium distribution function on the left boundary of the computational 
domain (Ataei & Salehipour, 2024). At the outlet, an open boundary condition is utilized by applying a zero-
gradient to the distribution functions, which effectively prevents numerical wave reflections from 
returning into the domain and destabilizing the solution (Kummerländer et al., 2026). 

The entire algorithm is implemented using the Python programming language, specifically leveraging 
the NumPy library for advanced vectorization techniques (Najafi Khaboshan et al., 2024). The use of array-
slicing operations to replace conventional nested loops significantly enhances computational efficiency and 
minimizes procedural errors during the transient iterations required to reach a steady-state condition 
(Ataei & Salehipour, 2024). This Pythonic approach allows the solver to maintain high performance and 
accessibility while ensuring that the numerical implementation is robust enough for benchmarking 
complex hydrodynamic phenomena (Ataei & Salehipour, 2024). 
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3. Result and Discussion 
The simulation results (fig.2) demonstrate the steady-state velocity profile of the fluid as it flows past 

a single cylindrical obstacle at a Reynolds number (Re) of 10. The velocity contour visualizations confirm 
the successful implementation of the D2Q9 LBM algorithm in capturing fundamental hydrodynamic 
phenomena, where the velocity distribution around the cylinder exhibits stable laminar flow 
characteristics (Ho et al., 2026). 

A prominent stagnation point is observed at the leading edge of the cylinder, characterized by a 
reduction in velocity magnitude until it reaches zero at the obstacle surface (S. Wang et al., 2014), which is 
consistent with the applied no-slip boundary condition (Ghafori, 2026). In contrast, the fluid undergoes 
significant acceleration along the upper and lower surfaces of the cylinder due to the blockage effect and 
flow area constriction, as indicated by the peak velocity magnitudes in the contour map (Dadda et al., 2025). 

 

Downstream of the cylinder, the simulation clearly resolves the formation of a symmetrical wake 
region. At , this zone is defined by a pair of stationary vortices that extend horizontally without the onset 
of vortex shedding, aligning with the physical expectations for steady laminar flow regimes (Ataei & 
Salehipour, 2024). The resulting velocity deficit behind the cylinder gradually decays as the distance from 
the obstacle increases, allowing the profile to trend back toward a developed flow state (Benemerito et al., 
2025). These results prove that the mesoscopic LBM approach, utilizing an appropriately calibrated 
relaxation time (τ), accurately represents the equilibrium between inertial and viscous forces while 
generating convergent numerical data suitable for systematic parametric investigations (Kummerländer et 
al., 2025). 

Further parametric analysis across Reynolds numbers (Re) ranging from 20 to 70 reveals a significant 
structural transformation within the flow's wake region. As the Re value increases, the growing dominance 
of inertial forces over viscous effects causes a longitudinal extension of the recirculation zone (Dadda et al., 
2025). This phenomenon indicates that the flow separation point on the cylinder surface shifts forward, 
which is followed by the formation of a sharper and more stable velocity deficit tail along the horizontal 
axis. Such detailed capturing of flow dynamics is essential for standard benchmarks involving open flow 
over 2D obstacles (Ataei & Salehipour, 2024).  

Fig.2. Steady-state velocity magnitude contour of laminar flow past a circular 

cylinder at $Re = 10.0$ using the D2Q9 Lattice Boltzmann Method. The 
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The stability of the velocity profiles produced within this range confirms that the Lattice Boltzmann 
Method (LBM) utilizing the D2Q9 model effectively maintains momentum conservation without 
encountering significant numerical instability. Despite the elongation of the vortex zones, the flow remains 
symmetrical, suggesting that the critical threshold for the transition into an unsteady regime has not been 
reached under these simulation conditions. These results provide a robust foundation for using simulation 
data in structural design optimization or as a high-fidelity training dataset for Artificial Intelligence (AI) 
and machine learning models (Ataei & Salehipour, 2024). Integrating validated CFD data with machine 
learning allows for the development of accurate surrogate models capable of predicting complex 
hydrodynamic behaviors in broader engineering systems (Banh et al., 2025). 

4. Conclusion 
This research successfully demonstrates the effectiveness of the Lattice Boltzmann Method (LBM) 

utilizing the D2Q9 lattice model and the Bhatnagar-Gross-Krook (BGK) collision operator for simulating 
steady laminar flow characteristics over a single cylindrical obstacle. Through a Python-based 
implementation leveraging advanced vectorization techniques, the simulation accurately captures 
fundamental hydrodynamic phenomena, including the formation of stagnation points, flow acceleration 
due to blockage effects, and boundary layer development. The consistent velocity profiles observed across 
the Re range of 20 to 70 confirm that this mesoscopic approach effectively maintains numerical stability 
and momentum conservation without the requirement for computationally intensive pressure-linked 
solvers. These results underscore how transparently managed open-source computational instruments can 
produce rigorous research data that meets established scientific validity standards. 

Analytically, observations across varying Reynolds numbers reveal a correlation between increased 
inertial forces and the longitudinal elongation of the recirculation zone downstream of the obstacle. The 
structural transformation of the wake region, while maintaining flow symmetry, indicates that the stability 
limits of steady laminar flow can be precisely mapped using validated relaxation time (τ) parameters. These 
findings have strategic implications for developing more complex computational models, as the generated 

Fig. 3. Comparison of steady-state velocity magnitude profiles for laminar flow past a circular cylinder 

at various Reynolds numbers: (a) Re=20, (b) Re=30, (c) Re=40, (d) Re=50, (e) Re=60, and (f) Re=70. 

The simulations, performed using the D2Q9 Lattice Boltzmann Method, illustrate the elongation of the 

wake region as the Reynolds number increases. 

a 

b 

c 

d 

e 

f 
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high-fidelity datasets can serve as a robust foundation for training Artificial Intelligence (AI) models such 
as Physics-Informed Neural Networks (PINNs). Future research is encouraged to explore the influence of 
asymmetric cylinder positioning within channels to optimize heat transfer rates within advanced 
multiscale modeling frameworks. 
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